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90. INTRODUCTIOA’ 
LET M be a compact, connected, orientable C” manifold. Let Q(M) be the space of all 
complex valued C” functions on M endowed with the C”-topology. Let 9’(M) be the 
space of all continuous linear forms on Q?(M). Let 9”(hl) be the space of all C” n-forms in 
M(dim M = n). We identify o E Q”(M) with an element of Q’(M) by defining w(f) = s,Mj?u. 
Let X be a vector field on M. We define for T E 9’(M), (XT)(f) = - T(X“). (Note that if 
w E Q”(M) then Xo = L,Y w, the Lie derivative of o relative to X.) 
Definition 0. I. A vector field Xon M is said to be globally hypoelliptic (GH) if whenever 
T E 9’(M) and XT E .9”(M) then T E 9”(M). 
In this paper we study the qualitative properties of (GH) vector fields. In particular, 
we show that a (GH) vector field, X, is uniquely ergodic (that is the flow generated by X 
on M leaves invariant a unique probability measure on M). A consequence of this is that 
every orbit of a (GH) vector field is dense. 
We also give a complete characterization of (GH) vector fields on the 2-torus (T’). 
The existence of (GH) vector fields on T’ (see [5]) was our main reason for the analysis 
of this paper. In fact, the techniques of [5] can be generalized to show that almost all con- 
stant vector fields on T” are (G/f). Results of Auslander et al. [2] show that essentially all 
qualitative properties of constant vector fields on T’ are shared by vector fields on N/T 
induced by the Lie algebra of N (N, the group of 3 x 3 upper triangular real matrices with 
ones in the diagonal, and I, the integral matrices in N). It is, therefore, surprising to find that 
no vector field on N/T induced by an element of the Lie algebra of N is (GH). This example 
makes it reasonable that the following problem has an affirmative solution. 
Problem I. Let G be a Lie group and let H be a closed subgroup such that G/H is com- 
pact. Let 9 be the Lie algebra of G. If X E Y, let X* be the vector field on G/H given by 
(X*f)(p) = if(exp tXp)l,=,, . If for some X E 9, X* is (GH), then G/H is a torus. 
If G is compact, Proposition 2.2 gives an affirmative solution of Problem 1. We, 
however, suspect that more is true: 
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Problem 2. If ‘91 admits a (GH) vector field, then 151 is a torus. 
As a first step in the proof of Problem 1, we show that if G is a three-dimensional Lie 
group and if I- is a discrete subgroup of G so that G/f = !Cf is compact, and if X is a (GH) 
vector field on !M induced by the Lie algebra of G, then :li = T3. 
We have discussed the topics of this paper with many friends. In particular, we would 
like to thank Professor C. C. Moore, whose suggestion of the use of the Kakutani fixed point 
theorem made our proofs in $1 much simpler and filled several gaps in our original arguments. 
We also thank Professor L. Auslander for pointing out to us that N/T has as many uniquely 
ergodic flows as T3. 
$1. GLOBALLY HYPOELLIPTIC VECTOR FIELDS 
We retain the notation of $9. 
THEOREM I. I. Suppose that X is (GH). Then X leaces incariant a rolume form on &f. That 
is, there is a nowhere vanishing element w E 9”(M) such that L,Y w = 0. Furthermore, if we 
normalize w so that jMo = 1, then 
( I ) rf T E Q’(M) and XT = 0 then T = Cw, C = T( I). 
(2) w is the unique probability measure imariant under theJ!orr* generated by X (that is, 
the ~70 M’ is uniquely ergodic). 
Proof. Let 4, be the l-parameter group of diffeomorphisms of .t/ generated by X. The 
Kakutani fixed point theorem (cf. [3]) implies that there is a probability measure p0 on M 
so that p,, is 4, invariant for each t E R. But then if we consider p0 as an element of 9’(n/i), 
X/l, = 0. Thus (GH) implies that p,, E 9”(M). Let M, = {p E Mjp,(p) = O}. Then M, is 
compact and 4,(M,) c M, for each t E R. The Kakutani theorem again applies and there is 
thus a probability measure j.~t on M, invariant under the 4,. Again Xp, = 0 thus 
,u, E 9”(M). Continuing this process we find after j + I stages, ,~e, p,, . . . , pj+, E W(M), 
M,,M,, . . . . Mj+, sothat 
(1) M,+, ={p E 4IKdP) = 019 1 s k li 
(2) suppp,cM,, I Skljf I. 
(I) and (2) clearly imply that pO, . . . , pj+, are linearly independent. 
Now an application (cf. [6]) of the Rellich lemma implies that if X is (GH) then ker X is 
finite dimensional. This implies that after a finite number of stages, say m, we would find that 
M ,,,+r =+. But then pr f.. . + pm is nowhere vanishing. Let o = (I/m)@, + . . . + p,,,). 
This proves the existence of o. 
Suppose now that fw E ker X. Then X(fw) = (Xf)w = 0 since Lx w = 0. But then 
Xf= 0. Since X is a vector field Xfj = 0 for each j 2 0 an integer. Hence ker Xr, {o, 
fw, _f2W, . . .}. But dim ker X < co. Thus I, A f 2, . . . , f” are linearly dependent for k 
sufficiently large. This implies 
jioajfj=O 
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with aj E @ and not all aj zero. Hence f can take at most k different values (the roots of 
x ujxj). Since M is connected, f is constant. Now if TS 9’(M) and XT = 0 then 
T E 5?“(.ti), Hence T = /ii and Xf = 0. Thusfis constant, and T = cw, c E @. This proves 
(I). (2) is an immediate consequence of (I). 
COROLLARY 1.2. Let X be a (GH) vectorfield on M. Then every orbit of d,, the I-para- 
meter group generated by X, is dense. In particular this implies that if ,W admits a (GH) 
vector field, then M has zero Euler characteristic. 
Proof. Let p E M. Let ,l/, be the closure of the orbit of p. 4,(.tlI) c M, for all t. 
The Kakutani theorem applies and hence there is a probability measure p, supported 
on MCI, invariant under 4,. Theorem 1.2 (2) implies p, = w. Thus .M, = M. This proves the 
corollary. 
Let C:(M) be the set of all real valued C” functionsf, on A4 such thatf(p) # 0 for all 
p E M. Clearly C;(M) is a group under pointwise multiplication. Let Diff(M) be the group of 
all diffeomorphisms of M. If X is a vector field on M and 4 E Diff(M) define 
X,” = 4*,- iCP) x,- lCP) 
where 4,, is the differential of 4 at 4 E M. Iffg C:(M) definefX by the usual pointwise 
multiplication. We make C,“(M) x Diff(M) into a group by defining(f, 4)(g, $) = (f(g 0 4-l), 
4 0 IJ). Then denoting the group so defined by G(M) we see that G(M) acts on vector fields 
via: (f, 4) . X = fX+. 
LEMMA 1.3. If X is a (GH) vector field on M then G(M). X consists of (GH)-vector 
fields. 
Proof. If(f,&) E G(M) then(f, 4) = (f, T) . (1,4). If Xis(GH)thenweshow X”is(GH). 
In fact, if T E 9’(M) define T+(f) = T(f 0 4-l). Then X@T = (X. T+)+-‘. Thus if 
X+T E 9”(M) then (X. T+)&-’ - - 1. E W(M). Hence 
(X. Ty(f~ 4) = J(/a 4)l. = jf(4*-‘)2. 
Thus X. T” E La”(M). Hence T4 E 9(M). Thus T E 9”(M). 
Suppose that f E C+P(M) and (fX)(T) E 9”(M). ((fX)T) = -T(fXh) = -(fT)(Xh) = 
(X(fT))(h). Thus X( f T) E 9”(X). Hence fT E 9”(M). Hence T E 9”(M). This proves the 
lemma. 
THEOREM 1.4. Let M be two-dimensional. If M admits a (GH) vectorfield then M = T2. 
If M = T’.and $0, cc/ is a set of mod 1 coordinates on T2 then the set of all (GH) vectorfields is 
with A’ the set of all irrational numbers that are not Liouville numbers. 
Proof. M is T2 since M is compact, orientable, and has an everywhere non-vanishing 
vector field by Corollary 1.2. 
250 STEPHEK J. GREENFIELD and NOLAN R. WALLACH 
Let X be (GH) on T’. Then in particular X has no zeros and leaves invariant a volume 
form on T’. Thus, according to the results of Sternberg [I I]. there are (mod 1) coordinates 
el, e2 on T2 so that 
2 2 
with c E R and h E Cc(T’). In [5] it was shown that - + c- IS (GH) if and only if c is 
so, so, 
irrational and not a Liouville number. 
Remark. The condition on c above also appears in the work of Reinhart [IO] on almost 
product structure, and has also appeared in some recent work on additive decompositions of 
distributions [9]: 
PROPOSITION I.5 If X is (GH), and the range of X is closed in 9’(M), then: Xis Fredflolm 
on 9”(M), and index X = dim ker X - dim coker X = 0. 
Proof. Since Xleaves invariant a volume form o on M, X is skew-adjoint in L’(m): 
X* = - X. And so dim ker X = dim coker X (by closed range assumption) = 1 (by Theorem 
1.1). 
Note. In the two-dimensional case, Theorem 1.4 combined with a remark of Herz [8] 
show that the range of a (GH) vector field is always closed. If X commutes with an elliptic 
operator, or, more generally, satisfies subelliptic estimates, the range of X is closed [6]. 
We suspect that the range of a (GH) vector field is always closed. We can show [6]: if the 
range of a vector field is closed, and if its kernel is a subspace of Q”(M), then the vector field 
is (GH). This relates the work of Herz [8] with (GH)-vector fields. 
In this section we assume that G is a connected, simply connected three dimensional 
Lie group and that r is a discrete subgroup of G so that G/T is compact. Let 3 be the Lie 
algebra of G. If X E 3 then X induces a vector field on G/r by 
X,*,f = -$(exp tX.gT)/ r=O. 
We prove in this section 
PROPOSITION 2.1. If for some X E Y, X* is (GH) then G/r is dlfiomorpflic with T3 and 
X* is equiualent (in the sense of Lemma 1.3) with a linear vectorfield. 
Corollary 1.2 combined with the analysis of L. Auslander, L. Green and F. Hahn [2] 
implies that if G is noncompact then we need only consider the three dimensional Heisenberg 
group, and the universal covering group of SL(2, R). 
We first eliminate the universal covering group of SL(2, R). By Theorem 5.3 .[2, p. 291, 
it is shown that the only possibility for X E 3 (up to an automorphism of G) is X = 
0 1 
[ I 
o o 
(i.e. the horocycle flow). According to the theorem on p. 23 of [4], L’(G/r) under the action of 
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G splits into a direct sum of countably many irreducible representations of G with finite 
multiplicities. Thus L.‘(G/f) = ~~=,, IY~ (orthogonal direct sum) with Hk an irreducible 
unitary representation of G. Furthermore C”(G/I) =xF=,, Hkx. Hkw, the C” vectors of Hk 
(the convergence being in the C” topology). Now it is well known that at least one Hk is 
eitherin thecomplimentary series or in the irreducible principal series, say H, . But then there 
is a non-zero conical distribution on HP (see Helgason [7]). These by definition are distri- 
butions v on HP such that Xv = 0. Since a conical distribution for a non-trivial unitary repre- 
sentation of SL(2, R) cannot be a function we see that X is not (GH). 
We are thus left with the case where G is the group of all matrices 
with x, y, z E R. 
According to the results of Malcev, Auslander et al. [2, Chapter IV], we may assume 
that I is the subgroup of G generated by the elements 
with k, a non-zero fixed integer. IffE P(G/I) we look atfas a function on R3 by setting 
f(x, y, z) =f(n(x, y, r)I). Then f satisfies the following ” periodicity ” conditions 
(i) f(x, y, z) =f(x + 1, Y, z) 
(ii) f(x, Y, z) =f(x, Y + 1, z + x) 
(iii) fk~,z)=/(x.y,z+~). 
Using (iii) we see that iffE C”(G/I) and if 
f,(-? Y)= &I 
2nko 
f(x, y, z) ei2nkon’ dz 
0 0 
thenf(x, y, L) = cz = _ mfn(x, y)e2nikonr. Furthermore, if 
H, = (4 E P(G/T) 1$(x, y, z) = e2ni”koZ4(x, y 0)) 
then by the above we see thatf= En”= _ p f, withf, E H,, and the mapfHfn is continuous in 
the C” topology (cf. [I]). 
We now describe the elements of H,. If 4 E H, using (ii) we see that 
$(x + p, y, z) = e2aidor&x, y, 0) 
for p an integer. We may thus expand 4 into a Fourier series in x. That is 
C#J(X, y z) = f #k(y)e2nipr e2ninkoz. 
p=-m 
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Using (ii) we find that 4(x, y, 2) = 4(x, y + I, z + xl) for I an integer. Thus 
pc$ ~ $p(y + 1) e2xi(p+nkoOx e2ninko= 
This gives 4 p+nkoi()l) = $,(r + I). Hence 4 is completely determined by $,, , 4,. . . . q$konl _,
Furthermore the standard growth conditions for Fourier series of C” periodic functions on 
R imply that +j E S(R) (the Schwartz space of C” functions on R with all derivatives rapidly 
decreasing). In particular we have 
(a) H,, is the space of all 4 periodic in x, y of period I and constant in Z. 
(b) Let &, . . ., $,kol_l be elements of S(R). Set 4 = (#,,, . . . , 4,k,r-l) we define 
Ikol-1 m 
F+(~,),, z) = 1 1 ~bi(~ + p)e2ni(j+kop)xe2nikor. 
j=O p=-m 
Then F+ E H, and the map of S(R) x . . . x S(R) = J(IkoI~(~) (a 1 k, 1 -fold direct product) 
to H, given by 4 + F, is a continuous isomorphism of topological vector spaces. In particular, 
if T is a tempered scalar valued distribution on X ““‘S(R) then T induces an element of 
La’(G/r) as follows: IfJE Cm(G/r),f+f, is continuous. Furthermore,f, = F,. Set Tf = T+. 
With these preliminaries we continue the proof of Proposition 2.1. Let Di(t> = n(r, 0, 0), 
&(t) = ~(0, t, 0), D3(t) = n(0, 0, I). Then defining 
xi*, f = %f(Di(-r)/)/ 1=0 
for p E G/T. We see that every element X*, X E 9, is of the form X* = 1 Ui Xi*, with 
ai E R. Fix X* = c ui XT. Let 9 E IkoiS(R). A simple computation gives 
X+F, = Fg 
with ;f, = (4,) .d,ko,-l)and 
(*) _ $j(Y) = -a24jQ) - 2ni@,j + ask0 + alkoY)+j(Y). 
We now show that X* cannot be (GH). If a2 = 0 then X* on Ho is just -a, tx. (We 
identify H,, with C”(T2).) Hence X* cannot be (GH). If a, # 0, then we solve (*) for Jj = 0, 
finding 
$ji(Y) = Cje- 
2ni((o~j+a~ko)y+~,koy2/2)o2 
Take 
$0 = ($i, 0, . . . , o), 4’2(y) = e-2ni((oli+olko)y+.lkoY2/2). 
Then defining 7’+ = JR 4&)4,bWy, + = ($. , . . .) gives a tempered distribution on 
XIko’S(R) which is clearly not an element of X IkoIS(R) The corresponding distribution on . 
G/T then satisfies XT = 0 and T 4 W(M). 
The case of G compact follows from the next result. 
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PROPOSITION 2.2. Let (M, < . >) be a compact connected Riemannian manifold. Suppose 
that A4 has a (GH)-killingfield (that is, the l-parameter groupgenerated by the cectorjeld is a 
group of isometries). Then M is isometric with a Pat torus. 
Proof. Let G be the identity component of the isometry group of M. Let X be a (GH)- 
killing field and let T be the closure in G of the l-parameter group generated by X. Then 
since G is compact, T is a torus. Let p E M. Let G, = {g E Gig .p = pj. Then G, is compact 
hence TG, is compact and since the closure of the orbit of X throughp is contained in TG, p 
we see that Corollary 1.2 implies that T. p = ICI. Hence M = T/T n G,, a flat torus. 
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